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1. INTRODUCTION

Let ¥ be a nonempty subset of the normed linear space X. For any x € X,
the (possibly empty) set of best approximations, or nearest points, to x
from V'is defined by

Py(x) ={weV|lx—v| =dx V),

where d(x, V) = inf{}| x — v | v € V}. The (set-valued) mapping Py : X — 27
is called the metric projection onto V.

Clearly, the set Py(x) depends on the point x, the set V, the norm | |,
and the linear space X. It is natural to ask if Py(x) varies “continuously”
relative to x, V, || - ||, and X.

The question of the dependence of Py (x) on x is essentially the problem of
the continuity of the metric projection Py, . This problem has been considered
by many authors. Partial surveys may be found, for example, in Viasov
[17] and Singer [15].

The question as to how P(x) depends on the norm || - || has been considered
rarely (see, e.g., Kripke [6] and Rice [13; the Pdlya algorithm, p. 8}).

The question of the dependence of Pp(x) on the linear space X has only
been considered in some special cases (see, e.g., Kirchberger [5], Machly
and Witzgall [7], Nitsche [9], and Chui et al. [2]).

However, the problem of the dependence of Py(x) on V (for a fixed x}
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does not seem to have been considered up to now. This question seems impor-
tant since, for example, when approximating with spline functions, it is of
interest to know how the set of best approximations to a given function
depends on the knots which define the splines. In practice, the knots cannot
be specified exactly, but only up to some error. It is reasonable to ask if the
best approximations change ‘‘continuously” as the error tends to zero.

Another reason for wanting to study the behavior of -Py(x) as V varies
is that many important nonlinear approximating subsets ¥ (e.g., the rational
functions, exponential sums, or the spline functions with free knots) can be
expressed as the union of linear subspaces:

V={V,lac4}

for some 4 C R?, where each V, is a (linear) subspace. For example, the
rational functions in C[0, 1] can be written as

an[()) 1} = U{Va I (ZEA},

where
V, = g(% cltz)(i ajtf)vl (Co » €1 5eery Cp) € RH
and - '
A =la = (a,a,..,a,) € R’ zn:aiti > 0 for all ¢t e[0, 1]}.
0

This suggests the following procedure for finding best approximations to a
given function x from V. Fix a parameter ¢ € 4 and determine a best approxi-
mation to x from the subspace V,. Then choose a new parameter 4 € 4
so that the above linear approximation problem yields a “better” approxi-
mation to x from V. The question is now whether such an algorithm exists
which gives a sequence of elements converging to a best approximation to
x from V. A natural first step is to determine if best approximations to x
from V, vary “continuously” relative to the parameter a.

In this paper we consider the following general sitnation. Let 4 be a
topological space (set of “parameters”), X a normed linear space, x € X,
and for each a € A4, let V,, be a nonempty subset of X. The parameter mapping
is the (generally set-valued) mapping a + Py (x) from A into the collection
of bounded subsets of X. We will be interested in how Py, (x) varies with a.

In Section 2, we include some results of a general nature concerning semi-
continuity properties of the parameter mapping in the case that each V,
is a finite-dimensional flat. The main result here is Theorem 2.5 which gives
a sufficient condition under which the parameter mapping is upper semi-
continuous. On the other hand we give an example which shows that even
in a two-dimensional polyhedral space, where the range {V, | a € A} consists
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of all one-dimensional subspaces, the parameter mapping is neither lower
semicontinuous nor admits a continuous selection (Example 2.7). This is in
striking contrast to the behavior of the metric projection itself which, in this
situation, is always lower semicontinuous and admits a continuous (even
linear!) selection. In this connection, we should mention that the metric
projection can be regarded, in a certain sense, as a special parameter mapping
because of the formula Pp(x) = x 4 Py_,;(0) for each x € X. From this it
follows that any semicontinuity properties of the parameter mapping
x + Py_,(0) are valid for the metric projection x +— P,{x), and vice versa.

In Section 3, we consider parametric approximation by weak Chebyshev
subspaces of Cla, b]. In contrast to Example 2.7, we show that the parameter
mapping for a certain class of weak Chebyshev subspaces does admit a
continuous selection (Theorem 3.3). Furthermore, we prove that the natural
parameter mapping for spline subspaces is always upper semicontinuous
(Proposition 3.6), but in general not lower semicontinuous {(Proposition 3.8);
however, it does admit a continuous selection for a special class of spline
subspaces (Theorem 3.9).

2. SoMe GENERAL RESULTS

If (X, d) is a metric space, the Hausdorff metric h on the collection of ali
nonempty closed and bounded subsets Z(X) of X is defined by

WA, B) = max {sup d(a, B), sup d(b, A)},

acA beB

where d(x, ¥) = inf{d(x, y) | ye Y}.

2.1 LemMa. Let A and B be nonempty closed and bounded subsets of
a metric space (X, d) and let x € X. Then

ld(x, A) — d(x, B)| < h{(4, B).

In particular, if B(X) is topologized by the Hausdorff metric, the map d{x, *):
F(X) — R is Lipschitz continuous.

Proof. Given e >0, choose aeA4 and beB so that d(x, o) <
d(x, A) -+ €/2 and d(a, b) < d(a, B) 4+ /2. Then

d(x, B) < d(x, b) < d(x, a) + d(a, b)
< d(x, A) + d(a, B) + «
< d(x, A) + WA, B) +- .
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Since « was arbitrary,
d(x, B) — d(x, A) < (A4, B).

Interchanging the roles of 4 and B, we obtain the result. |

2.2 DEeFINITION (See, e.g., Hahn [3]). Let 4 be a topological space,
X a metric space, and #(X) the collection of all nonempty closed and bounded
subsets of X. Let g€ 4. A (set-valued) mapping F: 4 — Z(X) is called:

(1) lower semicontinuous (Ls.c) at a, if for each open set W C X with
F(a,) N W == @, there is a neighborhood U of a, (in 4) such that F(a) N
W +# @ for all ae U;

(2) upper semicontinuous (u.s.c) at a, if each open set W C X with
F(a,) C W, there is a neighborhood U of «, (in A4) such that F(a,) C W for
eachae U;

(3) Hausdorff continuous at a, if for each € > 0, there is a neighborhood
U of a, (in A) such that A(F(a,), F(a)) < € for each a € 4.

F is called lower semicontinuous (l.s.c), upper semicontinuous (u.s.c),
or Hausdorff continuous, if F is (respectively) ls.c., w.s.c., or Hausdorff
continuous at each point of X.

Note that if F is “‘singleton-valued” (i.e., F(a) is a point for each a € 4),
each of these three conditions reduces to the usual definition of continuity
of the mapping a > F(a).

A continuous selection for F is a continuous mapping s: A — X such that
s(a) € F(a) for each a € A.

2.3 LeMMA. Let A be a topological space, X a metric space x € X, and
Jor each a€ A, let K, be a nonempty compact subset of X. If the mapping
a— K, (from A into (X)) is Hausdorff continuous at ay , then the parameter
mapping a — Py.(x) (from A into #(X)) is upper semicontinuous at a; .

Proof. 1f not, there is an open set W C X with Py, (x) C W, and a net
(a5) in 4 with a5 — a, such that P, (x)\W 3 @ for each 8. Choose

Vs € PKGB(x)\W for each 8. )

Since the map a > K, is Hausdorff continuous, A(K,,, K%) — 0. But this
implies that supsex,, d(k, K,) — 0. Hence d( ys, K, ) — 0. By compactness,
we can choose &,;° € K, so that d( y;, k") = d(ps, K,,). Again by compact-
ness, there exist a subnet (£,°) of (k,°) and k° € K, such that dk,° k% — 0.
Thus

d(y, k) <d(y,, k) + dk,® k) — 0.
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Using Lemma 2.1, we deduce that
d(x, k% = lim d(x, y,) = limd(x, K, ) = d(x, K,,)

so ke PK%(x) C W. Hence y, € W eventually, which contradicts (*). §

A flat in a linear space X is any set of the form V' = M -+ x, where M
is a linear subspace and x € X. That is, a flat is a translation of a linear
subspace. An. n-dimensional flat is the translation of an n-dimensional
subspace.

As an application of Lemma 2.3 to normed linear spaces, we prove

2.4 PROPOSITION. Let X be a normed linear space, x € X, A a topological
space, and for each ac A, let V, be a finite-dimensional flat in X and let ¢,
be any constant such that d(x, V,) -+ x| < ¢,. (E.g., if V, is actually a
subspace, then any constant ¢, = 21 x || works.) Let

Va:{vEVaIHUH <Ca}-

If the mapping av> V, is Hausdorff continuous on A, then the parameter
mapping a v+ Py (x) is upper semicontinuous on A.

Proof. Since 1, is a closed and bounded subset of a finite-dimensional
flat, 77, is compact and Lemma 2.3 implies that the map a Pp(x)is ns.c.
But if v € Py (x), then

[olf <llo—xl+lxll=dCx Vo) + I xll < ¢

That is, v € ¥, . Hence Py (x) = Py (x) and the result follows. §

It may not always be easy to ascertain whether or not the mapping a+> I/,
of Proposition 2.4 is Hausdorff continuous; however, the following theorem
provides a useful alternate condition that is often easy to verify in the appli-
cations.

2.5 TBEOREM. Let X be a normed linear space, A a topological space,
N a fixed positive integer, and for each ac A, let V, be an N-dimensional
subspace of X. If V, has a basis {x,% X,%,..., Xy*} Which is continuous in a
(i.e., a5 — a implies || x3 — x2\| —> 0 for i =1, 2,..., N), then for each
X € X the mapping a +— V, is Hausdorff continuous on A (where V, is defined
as in Proposition 2.4 with ¢, = 2\ x|). In particular, the parameter mapping

a > Py (x) is upper semicontinuous on A.

Proof. The key to our proof is the

LeMMA. Under the hypothesis of the theorem, let a; — a, and vs € V% =
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eV, lllvl <2x H} Then there exists a subnet of (vs) which converges
to an element of V

- Proof of lemma. Let v = Zil o;2x78. We first show that fori = 1, 2,..., N,
the net («%) is eventually bounded. If not, then by passing to a subnet
and reindexing if necessary, we may assume

1'0‘16 | = af ] G¢=1L1.,2.,N)

and 0 < | oy®| — co. Since | o%/;® | << 1, by passing to a further subnet,
we may assume that o’/ey® — B;€ R (i = 1, 2,..., N). Then

. N N 0L~6
xP 4y x| = Iim) xP + Z —5 x50
2 ° 1
. 2l x|
= hm lim su 0.
Pyl < limgup 55
Thus xjo -+ Z;v Bixjo = 0, which contradicts the linear inedependence of

{xio, x5e,..., x30). Thus (o) is eventually bounded for each /e{l, 2,..., N}.
Hence there is a subnet so that

OCZ'V—> x; € R (i == 1, 2,.-., N).

Thus
N N
v, = 2 (xi’)’xaz —> Z ocix?“ = g€ Vao .
1 i
Since [|v, || < 2| x| for all y, [[v,|l < 2 x]. That is, vy € V . This proves
the lemma.

To prove the theorem, let a; — a,. We first show that h(¥, , 7,) — 0.
That is, we must show
(a) sup d(, V,) —0
'ueV,j,5

and
) sup d(v, 7,) —> 0.

veVq,

If (a) were false, one could choose a subnet (ap), v; € Va ,and € >0
so that d(v,, ¥, ) = ¢ for each B. By the lemma, there is a subnet (v,) of
(vg) and vy € V, so that v, — v, . Thus

0 =dv,,V,) = h‘gl d,, V,) > ¢

which is absurd.
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If (b) were false, one could choose a subnet {ap) of (g;), vfe 17%, and
€ > 0 so that

d(vs, Vo) = €  foreach . ()

By compactness of 77% , and passing to a subnet if necessary, we may assume

that
N N
v =Y afxfe — 1 =Y oxd.
1 1

By the equivalence of norms in the ﬁnite-dir%ensional space V,, , it follows
that «f — o; ({ = 1, 2,..., N). Define v; = 37 «,°x% and set

Tg = Up if [ogfl <20 x,

i el > 20 %)

Since vg € ¥, it follows that % € 17, o - Also, since

Hog — 0l <log — 0l + | wg® — 0l
N
<Y 1ol x2 — x4 0 — o° || -0,

1

it follows that || 3 — v°{f —> 0. Hence
d(vs’, Vaﬂ) <l — B < g — o+l o° — Gl -0

which contradicts (**). This proves that 4V, , V,) — 0. That is, a+> ¥
is Hausdorff continuous on A. The last statement now follows from Propo-
sition 2.4. J

We give now a few representative applications of Theorem 2.5,

2.6. SOME APPLICATION

(1) Best Approximation Using a Weight Function

Let X =CJ0,1], xe X, {vy,0;,..., 0,} a linearly independent subset
of X, V = span{yy,vs,...,0,}, and let 4 be a topological space. Let
w: 4 — Ci0, 1] be a continuous function such that (w(a))(t) == 0 for each
1€ [0, 1]. It is easy to see that the vectors

X% = w(a) S v; (i =1, 2,..., 1)
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are linearly independent in X (for each a € 4) so V, = span{x,%, x,%,..., x,%
is # dimensional for each a € A. Further, the functions g > x,2(i = 1, 2,..., n)
are continuous on A. Hence by Theorem 2.5 the parameter mapping
a — Py (x) is upper semicontinuous.

(2) Best Approximation by Generalized Rational Functions

Let T be a compact Hausdorff space, X = C(T), and let {u, , ty ,..., tt,}
and {vy , vs ,..., U,} be two linearly independent subsets of X. Let

A=1{a=(,a,..,a,)eR"

Y apt) ~O0forallteT
1

and, for each g = (a; , a5 ,..., a,) € 4, define

(3] (e

Then ¥V, is an m-dimensional subspace of C(T') having the basis vectors

Vo =

(bl > b2 LRSS b’m) e R™

Uu;
e i=1,2,.,m).
20 a; ( )
Further, the mappings
ar Zgiav- (i=1,2,..,n
1 ¥V

are continuous on A. Thus, by Theorem 2.5, the parameter mapping
ar> Py(x)
is upper semicontinuous on A4 (for each x € C(T)).
(3) Best Approximation by Exponential Sums
Let X = CJ0, 1] and for each
a=(,0,...,.0)EAd={(ay,a,.,8)ER"|ay <a, < <a}
define

V, = (21 5 Ay yeuey Oly) € R7EL

n
Z ociea"t
1

Then V, is an n-dimensional subspace of C[0, 1] and the mappings

a—e*  (i=1,2,.,n)
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are continuous on 4. By Theorem 2.5, for each x € C[0, 1], the parameter
mapping a — Py (x) is upper semicontinuous on 4.

It is known that in normed linear space with the Property (P) of Brown [1],
the metric projection onto any finite-dimensional subspace is lower semi-
continuous, and hence (by the Michael selection theorem [8]) has a continuous
selection. Therefore it is natural to conjecture that, with the hypothesis of
Theorem 2.5 and the additional assamption that X has property (P), the para-
meter map a+> Py(x) is lower semicontinuous. The following simple
counterexample is then perhaps surprising. In fact, the parameter map of
this example does not even have a continuous selection.

2.7 COUNTEREXAMPLE. Let X denote the plane with the maximum norm:
x = (x(1), x(2)) e R?, || x || = max{] x(1), | x(2)|}. Then X is a polyhedral
space so it has property (P) [1]. Let A denote the interval [—1, 1] (with
the usual topology), and for each a € 4, let x,* = (I, a) € X and

V, = span{x,*} = {ax;® | . € R}.

Thus each V, is a one-dimensional subspace of X and the map a > x,° is
continuous on A. By Theorem 2.5, for each x € X, the parameter mapping
a > Py (x) is upper semicontinuous on A.

Now let x == (0, 1) € X. It is readily verified that for each a € 4\{0},

P = T Tar A"

Thus Py (x) > x,° as @ x 0 and Py (x) > —x," as a 7 0. But
Py(x) = {ox, [ { | < 11

It follows that the parameter map a — Py (x) is not lower semicontinuous
at @ = 0. Also, it is obvious that there can exist no selection for the para-
meter map which is continuous at a = 0.

This example suggests that to prove the existence of continuous selections
for the parameter map a +> Py (x), one must resort to alternate, more direct,
methods rather than appealing to Micheal’s selection theorem (which requires
lower semicontinuity of the mapping in question). Indeed, in the next section
we exhibit an example in which the parameter mapping is not lower semi-
continuous and yet it does have a continuous selection.
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3. PARAMETRIC APPROXIMATION BY WEAK CHEBYSHEV SUBSPACES OF Cla, f8].

In this section we will be considering certain subspaces of the Banach
space Clo, ], the real-valued continuous functions on the compact interval
[o, B] in R, and endowed with the supremum norm. We first. show that the
parameter mapping for a certain class of weak Chebyshev subspaces in
C[e, B] admits a continuous selection.

3.1 ’DEFINITIONS. (1) An n-dimensional subspace V of Cle, f] is called
weak Chebyshev if each v € V has at most n — 1 sign changes, i.e., there do
notexistn + 1 points o << £y << f < -+ < £, < B such that o(t) v(t;.1) <O
(i=0,1,...,n).

(2) Let V be an n-dimensional subspace of Clu, B] and x € Cla, 8]
An element v € Py(x) is called an alternation element of x if there exist
n—+ 1points « < fy < #; < *» < 1, < B such that

o(—1D(x —v)(#) =[x — v (@i=01,..,m

for some o €{—1, 1}. The points ¢y,  ,..., ¢, are called alternating extreme
points of x — v.

The following known result, connecting these concepts, will be useful
to us.

3.2 TueoreM. (1) (Jones and Karlovitz [4]) Ar n-dimensional subspace
V of Cla, B] is weak Chebyshev if and only if for each x € Cla, B], there exists
at least one alternating element in Py(x).

(2) (Niirnberger and Sommer [10]) Let V be an n-dimensional weak
Chebyshev subspace of Clw, B]. Then the following conditions are equivalent:
(i) . Each nonzero v € V has at most n distinct zeros;

(ii) For each x € Clo, ], there exists exactly one alternating element
in Py(x).

3.3 THEOREM. Let A be a topological space and for each ac A let V, be
an n-dimensional weak Chebyshev subspace of Clo, B] such that each nonzero
v eV, has at most n distinct zeros. Let x € Clw, 5] and

Vo={veV,llvl <2lx[}

If the mapping a — V, is Hausdorff continuous on A, then there exists a
continuous selection for the parameter mapping a — Py (x).

Proof. By Theorem 3.2 (2), for each a € A4, there exists exactly one alter-



PARAMETRIC APPROXIMATION 271

nating element v, € Py (x). We define a selection s for the parameter mapping
by setting

s(a) = v, (ac A).

If s were not continuous at some g, € A4, there is a net (g;) in 4 with a; — 4
such that (s(a,)) is bounded away from s(a,). Since ¥, is compact, the same
proof as given in Lemma 2.3 shows that the net (s(a,)) has a subnet (which
we may assume to be the net itself) converging to a point v € Py, (x) =
Py, (x). In particular, vy = s(ap). Let o <% <’ < <1, <B be
n -+ 1 alternating extreme points for x — s{a,). Then

o(—Dix — s(@)(t) = || x — (@) (@ =0,1,..n)

for some o, €{—1, 1}. By passing to a further subnet if necessary, we may
assume that 12— ¢, (i =0,1,...,n) and all the o, are the same, say
o5 = o e{—1, 1} for all 8. Taking limits we obtain

o(—DHx — ve)(t) =l x — v || (i=20,1,..,n).

Thus vz, is an alternating element for x. By uniqueness of alternating elements,
vy = s(a,), which is a contradiction. §

Now we give a simple application of Theorem 3.3 (which should be con-
trasted with Example 2.7).

3.4 ExampLE. Let 4 =[—1,1] and for each ae A4, define V, =
span{v,} C C[—1, 1], where v,(t) =|a —t| (¢e[—1,1]). Then for any
x e C[—1, 1], the hypothesis of Theorem 2.5 is fulfilled so the mapping
a >V, is Hausdorff continuous on 4. From Theorem 3.3, it follows that
the parameter mapping a — Py (x) has a continuous selection.

Next we consider a particular parameter mapping which arises naturally
in spline approximation.

3.5 DEFINITION, Let o =gy <a; < " < g < @y = B be k fixed

knots in [«, B]. The class of polynomial splines of degree n with these & knots
is defined by

Sn,k(a) = Sn,k(al > Qg 5enes ak)
= {ve Cluo, B]| v has n — 1 continuous
derivatives in [«, 8], v lta,u0,, 41 isa
polynomial of degree at mostn  (§ = 0, 1,..., &)}-



272 BROSOWSKI, DEUTSCH, AND NURNBERGER

Equivalently, S, (e, a;,..., @) is the n + k + 1-dimensional subspace of
Cla, B] spanned by the basis vectors {1, 7, £2,..., 1%, (t — ap)} ,..., (t — @)},
where

(t—a)t =@ —a) if t>a

=0 if t<<a;.
For the remainder of the paper A will denote the parametér set
AdA={a=(, G, a)eR la=qg, < a < < ay < Qs =P}
Fix any x € C[a«, f] and consider the following parameter mapping on 4:
a— Ps, (a(x).
It is natural to ask how the set Psm(a)(x) depends on the parameter a,
i.e., on the knots. We will show that for some x the parameter mapping

ar> Ps () is not lower semicontinuous; however, in the case when
k << n+ 1, for any x there exists a continuous selection for this parameter

mapping.
3.6 PROPOSITION.  For a fixed function x € Cla, B, the mapping
ar> S, (a) ={veS.u@ | llvll <21 x[}
is Hausdorff continuous on A. Ih particular, the parameter mapping
am Ps,,,k(a)(x)

is upper semicontinuous on A.

Proof. By Theorem 2.5 it suffices to verify that the basis

{15 1., 1% (t - al): reey (t - ak):b—}
of S, (a) varies continuously with ae 4. And for this, it clearly suffices
to show that the mappings a — (f — @))% (i = 1, 2,..., k) are continuous on 4.
Fixany a; , by € [o, Bl with a; < b, . Thenif o < ¢t < @y,
I(t —a)i — (@ — bt | =0.

Ifa, <<t < by, then

¢t —a); — @ —b)i | =t ~a)"| <|by—a "< Cy| b —ay]
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for some constant C; depending only on o, 8, and n. If b, < t < §, then

C—a)t—(—b)i =1t —a)" — (¢ —b)" | < Colby—a |
for some constant C, depending only on «, 8, and #n. Thus
¢t —a)t — (= bk < Clay— by |

for some constant C. Replacing g, by a;, this shows that the mapping
at—> (t — a,)} is continuous on 4. §

In the sequel, we will refer to the following results which we state here for
ease of reference.

3.7 TaeoreM. (1) (Rice {12}, Schumaker [14]) A function v, €
Sn.lay s s ..y ay) is a best approximation to x € Cla, B if and only if x — v,
has n -+ j + 1 alternating extreme points on some subinterval [a; , a;,;1.

(2) (Rice [12]) Let vyeS,{ay, as,..., @) be a best approximation
to x € Cla, B) such that x — vy has n+ j+ 1 alternating extreme points
in la;, a;.4], but does not have n - [ + 1 alternating extreme poinis in any
subinterval {a,, a,.] of [a;, asy;). Then all best approximations to x from
Su.ilay , @5 5., a3) coincide on [a; , a;.;1.

(3) (Strauss [16]) Let vy S, u{ar, 95 5., az) be a best approximation
to x € Cla, Bl such that x — v, has at least j + 1 alternating exireme points
in each interval

(l) [0‘9 Cl]-), (ak—i-e—l 4 18] (] = 1’ 25»--> k)
and

(i) (@ tyyn) (G2 LEk>n+1).
(Note that condition (ii) is vacuously satisfied if £ < n -+ 1.) Then o,
is the unique best approximation of x from S, (e, , g5 ...., g3).
3.8 PROPOSITION.  There exists a function x € Cla, B) such that the para-
meter mapping
av> Ps, ((x)
is not lower semicontinuous.

Proof. Fix any a® = (a,, a5 ,..., az) € A. We will construct two functions
xe Clo, B} and v,€ S, (¢® and a sequence (™) in' 4 converging to -4°
having the following properties:

() 0,p,¢ Psm(ao)(x), vy 7~ 0;
(2) For each m, Ps_ (m(x) = {03.

640/29/4-2



274 BROSOWSKI, DEUTSCH, AND NURNBERGER

Having such functions, it follows that the parameter mapping a + Psmk(d)(x)
is ‘not lower semicontinuous at a® (because there exists no sequence (v,,),
with v,, € Ps__(am(x) and v,, — v).

Let

-1 .
(1) = B—=ay (t— @)} .

Then v, € S,.:(a%, vy(t) =0 for all 1€ [a, a;], and vy(B) = —1. Letting
N =n -+ 2 |k, it is easy to construct a function x € Clx, §] which has the
following properties:

@ lIxll=1

(ii) x is piecewise linear on the interval [«, ;4] and x has (at least)
N alternating extreme points in each interval (o, a;), (ay , @o)s-+., (@—3 » Ax_1);

(iii) x has (at least) N alternating extreme points in (a,_q , 241 + ap));

(iv)

x(t) =1 if 2e[¥ap + ar), al,
= vy(t) + 1 if tela, ¥a, + Pl
= —1 if t=2§

and x is linear for ¢ € [¥(a, + B), B).

Then |[x|| =1 = || x — v,]| and, since x and x — v, both have at least
N > n + 2 alternating extreme points in [w, @], it follows by Theorem 3.7
(1) that 0 and v, are both in Pg__ o)(x)-

For m sufficiently large (viz., m > 1/(a; — ay_;)) we define o, = a;
(=12, k—1), g™ =ap— 1/m, and o™ = (&,”, &,™,..., @,™). Then
am™ — a° as m — oo. Since x has at least N > max{n + 2, k + 1} alternating
extreme points in each interval («, &y™), (4™, ay™,..., (@fy , &™) and 2
alternating extreme points in (a,™, £], it foilows by (1) and (3) of Theorem 3.7
that Pg  (wm(x) = {0} for each m. This completes the proof. J

Despite this negative result, we can prove that the parameter map has a
continuous selection when k << n -+ 1. In the proof of this result among
others we use a selection method of Niirnberger and Sommer [10]. To shorten
the proof, we refer several times to statements, which can be found in the
proof of the Chracterization Theorem 3.1 in [10].

3.9 THEOREM. If k < mn -+ 1, then for each xe Clo, B] there exists a
continuous selection for the parameter mapping a — Ps__((X).

Proof. Fix x e Clo, Bl

1. Construction of the selection:
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Let a = (gy,...,a) €4 and v, € Ps , (»(x). By Theorem 3.7 (1) and (2),
there exists an interval [a, , a;,,] C [o, B], on which all v € Ps, (%) coincide.

(& We first approximate x — v, in [a;,, Bl by G, = span
{t — ay )Y 5oy (0 — ap)}. Since Gy 18 a (k — [)-dimensional weak
Chebyshev subspace, by Theorem 3.2 (1), there exists an alternation element
vy € PGlH(x — ). Then vy + vy € Psn,k(a)(x).

(b) By [10] any two alternation elements vy , v, € P, (x — v,) coincide
on [a; , are)

(¢) Furthermore from [10] it follows, that if Gy& Ps_ (q(x) and By is
an alternation element in Pg,, (x — ¥y) by approximation in [a, Bi
then 3, + ; = v, + vy in [al+1 , al+2]

(d) We continue this method in the following way: We approximate
Xx—vg— v in [ap,, Bl by Gi, = span{(t — ario)y oo, (¢ — a)s)- By
Theorem 3.2 (1), there exists an alternation element v, € Pg, (x — vy — vy).
As in (I1b) all these alternation elements coincide in [a;,,, al+3] and as in
(1c) we have that v, + v, + v, € Ps_ (%) is independent of the choice of
ve and vy + vy in [ay,., , arig]. We continue this method up to the last interval
{a. , B] and obtain a function & = vy -+ v; + = + vpuy .

(¢) Using the same kind of arguments as in (lc) and (d) we get a
function & = v_; + v_uq + - + vy € Ps_ ((%), where for each i the func-
tion g_;is an alternation element in Pg, . (x U_441 — ° — D) by approxi-
mation with G; = span{(a, — 1), ,..., (a )4} in {o, @, 5], where

(a; — O = (a; — 1) if 1<a

0 if t>a.

We define s(@) =v_;+ - +v, +0vy+ v, + -+ v and have that
s(a) € Ps ().

{f) By [10] s(@) is independent of the choice of the interval {a;, 4,.:1,
on which all v € Pg__(»(x) coincide.

Therefore a — s(a) is a selection for the parameter mapping « — P (%)
(2) We show that s is a continuous selection.

Assume that s is not continuous. Then there exists a point ¢ 4 and a
sequence (a,) in A such that g, — @ and s(a,,) does not converge to s{(a),
where a,, = (a/™,..., @;™).

(a) We show that (s(a,)) has a subsequence converging to a function
vePs (x). For each m we can write s(a,) = " + o™ + = +
o, Bt — a™) + o - Bt — a™)y . By the proof of Propo-
sition 3.6 (t —a™} —(t —a)y, i = 1,.., k. Thos (™), i =0, 1,..,5
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and (8;™), i = 1,..., k, are bounded sequences, as been shown in the proof of
Theorem 2.5. Therefore (s(a,)) has a convergent subsequence, which for
notational convenience we again denote by (s(a,,)), converging to a function
v €Sy,(@). We show that ve Pg  (o(x). If not, there exists a function
€S, (a)suchthat || x — o[ > HA — Dl

The function # can be written as 7 = oy + o + ~* + i +
Bt — a)i + - + Bt — api. Then 6, = oy + gt + - -+ " +
Bi(t — @™ + - + Bu(t — a)} is in S, i(a,) and converges to #. Since
s(ay,) — v we have for sufficiently large m that || x — s(@ )l > | x — G |l
This is a contradiction to s{a,,) EPSn,k(am)(x)'
- This shows that we may assume that a, > a and s(a,) — v, where
vePs, W), v # 5(a).

(b) We set I(a) = {t € [0, B]: vs(r) = vy(t) for each v, , v € Py (o)(X)}-
Passing again to a subsequence of (a,,), by Theorem 3.7 (a) and (2) we may
assume that there exists an interval [a,, a,,;] such that for each m I(a,) =
[a,", dpy;] and x — a,, has n + j-- 1 alternating extreme points a,™ <
gt <zt < < Z:?—H < a:“/—bkj s L8, e(—DHx — s(@a)(z™) = | x — s(au)lls
i=0,1,..,n-+j e = +1. Since [«, B] is compact we may assume that
zm—>z,,i=0,1,.,n+ j Then

x — vl = lim | x — s(an)l = e(—1)" lim (x — s{an))z:")

= e(—1)(x — )z,

i =0,1,..,n 4 j Therefore x — v has n -+ j 4 1 alternating extreme points
in [a,, a,.;]. Thus by Theorem 3.7 (2) there exists an interval [a, , a,,:] C
[a., a..;] with [a,, a,.] C ().

(c) According to (2b) there exists an interval [g;, ¢;.,] C I(a) such
that [@,™, af}1] C I(a,) for each m. Since the selection s is independent of
the choice of such intervals, the function s(a) can be defined by starting with
[a; , a,.;] and the functions s(a,,) can be defined by starting with [#,™, af},]
for each m. Therefore s(a) =v_;+  + vy -+ v+ v, + - + vy and
(@) = vy + o+ vq + "™+ o™+ 0 + v, . Since (z) is bounded
for each i, by arguments similar to those in (2a) for each 7 the sequence
(v;/) has a convergent subsequence, which we again denote by (v,”), con-
verging to a function 7;. Then of course we have v = o_; + - + 0_; +
Dy + 0y + -+ -+ gy . We show that for each 7 the functions v; can be taken
as ¥, , where the functions v; are those which appear in the definition of s(a).
This is done by induction. We consider only the case i > 0, because the case
i << 0 can be proved analogously. For i = 0 we have v,™ € Py (, )(x) and
™ —> By so that 7, € Ps__ (). Since all v € Pg__ () coincide on [a, > Q4]
and the selection is mdependent of the choice of any v € Ps__(»(x) we can
take v, = ¥,. Now suppose we can take v; = 7, for 0 < j < i. For each
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m the function v/ is an alternation element of x — (p™ + -+ + vi%;) by
approximation with G7.; in [a7}; , B]. Using arguments similar to those in
(2a) we get that, since v, — ¥;,j = 0, 1,..., i; the function 7, is an alternation
element of x — (vy + -~ + v,_y) by approximation with G,; in [g,;, 8l
We note that, since v, — 0;, j = 0, 1,..., 7, the alternation properties of
x — (vg™ -+ -+ Uly) — v carry over to x — (vy + -+ v;q) — b;.
From (1b)-(e) it follows that 5o + - -+ §; = vy + - v; in [@4s, Graseg)
and thus we can take v, = ©,. Therefore s(a) = v,a contradiction. This
completes the proof. §
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